ABSTRACT. We study the existence of solutions of the Dirichlet problem for the Schrödinger operator with measure data
INTRODUCTION AND MAIN RESULTS
Let Ω ⊂ R N be an open, bounded and smooth set in dimension N ≥ 2, and let V ∈ L 1 (Ω) be a nonnegative function. We address in this paper the question of existence of solutions of the linear Dirichlet problem with measure data −∆u + V u = µ in Ω,
The variational solution of this problem when µ ∈ L 2 (Ω) can be obtained by a straightforward minimization of the associated energy functional
which is bounded from below in W 1,2 0 (Ω) since V is nonnegative. Using as a test function in (1.1) a suitable approximation of sgn u, one deduces the absorption estimate
When µ ∈ L 1 (Ω), the functional E need not be bounded from below, but one can use an approximation argument with L 2 functions to find a solution of (1.1), based on the linearity of the equation and the absorption estimate above; see [11, 19] . In this case, the solution u ∈ L 1 (Ω) satisfies V u ∈ L 1 (Ω) and the functional identity:
for every ζ ∈ C ∞ (Ω) with ζ = 0 on ∂Ω. In the sequel, we denote by C ∞ 0 (Ω) the space of such test functions ζ. The right-hand side of this identity is well-defined even if µ is merely a finite Borel measure; in this case the integral is interpreted as integration of ζ with respect to µ. This is the notion of weak solution of the Dirichlet problem (1.1) which has been introduced by Littman, Stampacchia and Weinberger [22, Definition 5.1] .
In contrast with the L 1 case, the existence of solutions of the Dirichlet problem (1.1) with measure data is more subtle. For example, in dimension N ≥ 3, the equation
where B 1 is the unit ball in R N centered at 0, has no solution in the sense of distributions when α ≥ 2. Heuristically, u(x) behaves like 1 |x| N−2 , as the fundamental solution of the Laplacian in a neighborhood of 0, and this is incompatible with the requirement that u |x| α ∈ L 1 (B 1 ); see Proposition 9.1 below in the spirit of [6, Remark A.4] . On the contrary, for α < 2, a solution does exist, and more generally Stampacchia [32, Théorème 9 .1] proved that, for every nonnegative function V ∈ L p (Ω) with p > N 2 , the Dirichlet problem (1.1) has a solution for any finite measure µ.
These facts have a striking analogy with the Dirichlet problem associated to the semilinear equation
motivated by the Thomas-Fermi model; see [21] . Bénilan and Brezis [6] established the existence of solutions of the Dirichlet problem associated to (1.3) for every 1 ≤ q < N N −2 .
It was an open problem to characterize the class of finite measures for which (1.3) has a solution when N ≥ 3 and q ≥ N N −2 . The answer has been provided by Baras and Pierre [4] in terms of a W 2,q ′ capacity; see also [36] for a counterpart in dimension 2. More precisely, a solution of (1.3) exists if and only if µ(K) = 0 for every compact set K ⊂ Ω with W 2,q ′ capacity zero.
In the same spirit, given 1 ≤ p ≤ By diffuse, we mean that µ(K) = 0 for every compact set K ⊂ Ω with cap (∆,L p ) (K; Ω) = 0. Such a notion is the analogue of absolute continuity from measure theory [31, Proposition 14.7] .
The (∆, L p ) capacity is related to the more familiar Sobolev (or Bessel) capacities. More precisely, for every compact set K ⊂ Ω, we have
The second assertion is a consequence of the Caldéron-Zygmund elliptic L p estimates [20, Corollary 9.10] , while the first one follows from [9, Theorem 4.E.1]; see also [31, Proposition 12.2] .
The existence of a solution of the Dirichlet problem (1.1) for V ∈ L p (Ω) is proved in [27] when p = 1 using the method of sub and supersolutions. The case p > 1 is sketched in [28] using the approximation of diffuse measures by measures in the dual space (W 2,p (Ω) ∩ W 1,p 0 (Ω)) ′ . We propose in this paper a unified argument which covers both cases simultaneously, based on a strong approximation property of diffuse measures using the Hahn-Banach theorem in the spirit of [13, 17] . For the reverse implication, we have been inspired by the proof of [9, Theorem 4.5] that treats the semilinear counterpart. The conclusion of Theorem 1 is also true for p > N 2 by Stampacchia's existence result; in this case, every non-empty set has positive capacity, hence every measure is diffuse.
As the parameter p tends to 1, Theorem 1 and Assertions (i) and (ii) combined suggest that the W 1,2 and W 2,1 capacities are equivalent. It turns out that this conclusion is not correct. Indeed, D. Adams proved in [2] that the W 2,1 capacity vanishes on the same sets as the Hausdorff measure H N −2 ; this is the second-order analogue of a celebrated result by Fleming [18] concerning the W 1,1 capacity and H N −1 ; see also [26] . On the other hand, the W 1,2 capacity vanishes on the same sets as the Newtonian capacity, and it is classically known [12, 15] that the latter capacity vanishes on every set of finite H N −2 measure. The W 2,1 capacity is thus squeezed between the W 1,2 and W 2,p capacities for p > 1. The sets where cap W 2,1 vanishes in Ω can alternatively be described in the spirit of [2] by replacing the Lebesgue L p norm with the Hardy space H 1 norm:
where Ru is the Riesz transform of u; see Section 5 below. For every compact set K ⊂ R N , we then define
is nonnegative and ϕ > 1 in K .
For convenience, we do not compute the capacity relative to Ω. We explain in Section 5 that, for every compact set K ⊂ R N ,
In particular, a measure which is diffuse with respect to one capacity is also diffuse with respect to the other one. Defining
we prove Theorem 2. Let V ∈ H 1 (Ω) be a nonnegative function. Then the Dirichlet problem (1.1) has a solution for every measure µ ∈ M(Ω) which is diffuse with respect to the (∆, H 1 ) capacity.
In dimension N = 2, every measure is diffuse with respect to the (∆, H 1 ) capacity. Thus, the Dirichlet problem (1.1) always has a solution with a nonnegative potential V ∈ H 1 (Ω). One might expect that Theorem 2 has a counterpart in the spirit of Theorem 1, but the converse is false in dimension N ≥ 3: Theorem 3. Suppose that N ≥ 3. Then there exists a positive measure µ ∈ M(Ω) with cap (∆,H 1 ) (supp µ) = 0 such that the Dirichlet problem (1.1) has a solution for every nonnegative function V ∈ H 1 (Ω).
The construction of µ relies on the property that nonnegative functions in the Hardy space H 1 (Ω) are locally L log L integrable. In fact, the situation is even more dramatic in the sense that, given any Orlicz space L Φ loc (Ω), one can find such a measure µ so that the Dirichlet problem (1.1) has a solution for every nonnegative function V ∈ L Φ loc (Ω). An alternative to this obstruction would be to consider all potentials of the form V = f + with signed Hardy functions f ∈ H 1 (Ω). But in this case the counterpart of Theorem 2 fails since for such potentials it is not possible to solve the Dirichlet problem (1.1) for every diffuse measure; see Proposition 9.2 below. It thus seems plausible that the characterization of diffuse measures via the Dirichlet problem (1.1) requires the use of signed potentials V ∈ H 1 (Ω). However, the operator −∆ + V need not have a trivial kernel, even for V ∈ L ∞ (Ω).
The paper is organized as follows. In Section 2, we prove the strong approximation property of diffuse measures that is used to establish the reverse implication of Theorem 1. In Section 3, we construct a suitable minimizing sequence of the (∆, L p ) capacity that is used in the direct implication. Theorem 1 is proved in Section 4. In Section 5, we explain the connection between the (∆, H 1 ) capacity and the H N −2 ∞
Hausdorff content due to Adams [2] . We prove Theorem 2 in Section 6. For the sake of application, we then explain in Section 7 how Theorem 2 can be used to obtain a strong maximum principle for the Schrödinger operator along the lines of [28] . In Section 8, we prove an extension of Theorem 3 in the setting of Orlicz spaces. In Section 9, we provide counterexamples to the existence of solutions of the Dirichlet problem (1.1) with measure data.
STRONG APPROXIMATION OF DIFFUSE MEASURES
In this section, we prove a strong approximation property of diffuse measures, based on the Hahn-Banach theorem, which will be used in the proof of the existence of a solution of the Dirichlet problem (1.1) in the L p setting (Theorem 1). Proposition 2.1. Let 1 ≤ p < ∞ and µ ∈ M(Ω) be a nonnegative measure. If µ is diffuse with respect to the (∆, L p ) capacity, then there exists a nondecreasing sequence (µ n ) n∈N of nonnegative measures in M(Ω) with compact support in Ω which satisfies (i) for every n ∈ N, there exists C n > 0 such that, for every ζ ∈ C ∞ 0 (Ω),
(ii) (µ n ) n∈N converges strongly to µ in M(Ω).
By the Riesz representation theorem, the functional inequality in Proposition 2.1 amounts to saying that the solution v n of the Dirichlet problem
To prove Proposition 2.1, we need the following lemma:
Lemma 2.2. Let 1 ≤ p < ∞ and µ ∈ M(Ω) be a nonnegative measure. If µ is diffuse with respect to the (∆, L p ) capacity, then for every ε > 0 there exists ν ∈ M(Ω) which satisfies
We rely on the straightforward weak capacitary inequality
for every ζ ∈ C ∞ 0 (Ω). To see why this is true, we may assume that ζ = 0 and take h ∈ C ∞ (Ω) such that h > |∆ζ| in Ω and
By the classical weak maximum principle, we can estimate the capacity of the set {|ζ| ≥ 1} using the nonnegative solution of the Dirichlet problem
and then inequality (2.1) follows from the definition of the capacity.
Proof of Lemma 2.2. Let
we equip C ∞ 0 (Ω) with the strong topology induced by the norm
Claim. The functional Φ is convex and lower semicontinuous.
Proof of the claim. The convexity of Φ follows from the convexity of the real function t ∈ R → t + . For the lower semicontinuity, let (ζ n ) n∈N be a sequence of functions in C ∞ 0 (Ω) converging to ζ ∈ C ∞ 0 (Ω). Applying the weak capacitary estimate (2.1) to (ζ n − ζ)/ǫ with ǫ > 0, we deduce that (ζ n ) n∈N converges to ζ in capacity. By absolute continuity of µ with respect to the (∆, L p ) capacity, the convergence also holds in measure. By Fatou's lemma, we thus have
and this proves the claim.
We proceed with the proof of the lemma. Let 0 < δ < ε and take a compact set K ⊂ Ω such that
By the claim and the geometric form of the Hahn-Banach theorem [8, Theorem 1.11], the functional Φ is the supremum of a family of continuous linear functionals in C ∞ 0 (Ω). Hence, given a nonnegative function ψ ∈ C ∞ 0 (Ω)
and
In particular,
for every ζ ∈ C ∞ 0 (Ω). Thus, by the Riesz representation theorem, there exists ν ∈ M(Ω) such that, for every ζ ∈ C ∞ 0 (Ω),
Since F is a continuous linear functional in C ∞ 0 (Ω), Assertion (i) is satisfied and the proof of the lemma is complete.
In the proof of Proposition 2.1, we construct the sequence (µ n ) n∈N inductively based on Lemma 2.2.
Proof of Proposition 2.1. Let (ε n ) n∈N be a non-increasing sequence of positive numbers converging to 0 and ν 0 ∈ M(Ω) be a measure satisfying the conclusion of Lemma 2.2 with ε = ε 0 . Given n ∈ N \ {0}, assume that
and, for each k ∈ {0, . . . , n − 1}, ν k satisfies the functional inequality in Assertion (i). Applying Lemma 2.2 to the measure µ − n−1 k=0 ν k and ε = ε n , there exists a nonnegative measure ν n ∈ M(Ω) satisfying the functional inequality in Assertion (i) such that
Assertions (i) and (ii) but the measures need not be compactly supported in Ω. To this end, for each n ∈ N we define
Observe that Ω n ⋐ Ω and Ω = ∞ n=0 Ω n . By the monotone set property, for
By the triangle inequality, we also have
Take an increasing sequence of indices (n i ) i∈N such that, for every i ∈ N,
Then, the sequence (µ n i ⌊ Ωn i ) i∈N has the required properties.
CHOICE OF A MINIMIZING SEQUENCE FOR THE CAPACITY
To show that a measure for which the Dirichlet problem (1.1) has a solution for every nonnegative potential in L p (Ω) is diffuse, we rely on a particular choice of a minimizing sequence for the capacity using a cut-off and truncation argument:
The proof of Proposition 3.1 relies on two lemmas. The first one shows that minimizing functions of the capacity in the space C ∞ 0 (Ω) can be chosen to be compactly supported in Ω.
Proof of Lemma 3.2.
By the definition of the capacity of K, there exists a sequence (ζ n ) n∈N of nonnegative functions in C ∞ 0 (Ω) such that, for every n ∈ N, ζ n > 1 in K, and the sequence (∆ζ n ) n∈N converges to 0 in L p (Ω).
Take a fixed nonnegative function
On the other hand, there exists a constant C > 0 such that, for every ζ ∈ C ∞ 0 (Ω), the following estimate holds:
In the case p = 1, this is proved by Littman, Stampacchia 
The sequence (ϕ n ) n∈N has the required properties.
The second lemma involved in the proof of Proposition 3.1 is a property of composition with nonnegative test functions due to Maz'ya [23] . We present a proof for convenience. 
for some constant C > 0 depending on N , p and H.
Proof of Lemma 3.3. Since H ′′ (ϕ) is supported in {ϕ ≤ 1}, we have
By the triangle inequality, we obtain the estimate
The remaining of the proof consists in showing that
First of all, observe that
By the Divergence theorem, we obtain
In the case p = 1, we immediately deduce (3.2) from the nonnegativity of
Let us thus assume that p > 1. From the integral identity above, we havê
By the Hölder inequality, we then get
Since ϕ is nonnegative, this yields the estimate
On the other hand, the Caldéron-Zygmund inequality [20, Corollary 9.10] implies the existence of a constant C > 0 independent of ϕ such that
Combining the last two inequalities, we obtain (3.2) and the lemma follows.
We now turn to the Proof of Proposition 3.1. Let (ϕ n ) n∈N be a sequence of nonnegative functions in C ∞ c (Ω) satisfying the conclusion of Lemma 3.2. Take a smooth function H : [0, ∞) → R satisfying the assumptions of Lemma 3.3 and let ψ ∈ C ∞ c (Ω) be given. For every n ∈ N, we have
Applying the estimate (3.1) to H(ϕ n ) and then using Lemma 3.3, we obtain
Letting n tend to infinity, we get
To obtain the conclusion, we use Cantor's diagonal argument. For this purpose, take a non-increasing sequence (ω k ) k∈N of open subsets of Ω containing K such that
Given a sequence (ε k ) k∈N of positive numbers converging to 0, we deduce from (3.3) that there exists an increasing sequence (n k ) k∈N of indices such that, for every k ∈ N,
The sequence (ψ k H(ϕ n k )) k∈N has the required properties.
PROOF OF THEOREM 1
Suppose that µ is diffuse with respect to cap (∆,L p ) . Since the equation is linear and µ can be decomposed as a difference of nonnegative diffuse measures, we may assume from the beginning that µ is nonnegative. Indeed, by the Jordan decomposition theorem there exist two nonnegative measures µ + and µ − in M(Ω) which are mutually singular and such that µ = µ + − µ − . Using the inner regularity of the measures, one shows that they are both diffuse with respect to cap (∆,L p ) . Thus, assuming µ to be nonnegative, let (µ i ) i∈N be a sequence of nonnegative measures in M(Ω) satisfying the conclusion of Proposition 2.1. For each i ∈ N, denote by v i the solution of the Dirichlet problem
It follows from the functional inequality satisfied by µ i that, for every f ∈
By the Riesz representation theorem, this implies that
Since µ i is nonnegative, by the weak maximum principle, we have
Then, by the nonnegativity of V , we also have
The function v i is thus a supersolution of the Dirichlet problem (1.1) with datum µ i . Applying the method of sub and supersolutions for the Schrödinger operator [31, Proposition 22.7] with subsolution 0 and supersolution v i , we deduce that the Dirichlet problem (1.1) with datum µ i has a nonnegative solution u i . Due to the linearity of the equation, for every i, j ∈ N, the function u i − u j is a solution of the Dirichlet problem (1.1) with datum µ i − µ j . By the absorption estimate (1.2) (cf. [31, Proposition 21.5]), we then obtain
Since the sequence of measures (µ i ) i∈N converges strongly in M(Ω), the inequality above implies that (V u i ) i∈N is a Cauchy sequence in L 1 (Ω). It then follows from the L 1 elliptic estimate (cf. (3.1) ) and the triangle inequality that
Hence, (u i ) i∈N is also a Cauchy sequence in L 1 (Ω) and thus converges in L 1 (Ω) to some function u. This implies that the sequence (V u i ) i∈N converges in L 1 (Ω) to the function V u. By the Dominated convergence theorem, we deduce thatˆΩ
for every ζ ∈ C ∞ 0 (Ω). The function u is therefore a solution of the Dirichlet problem (1.1) with datum µ.
For the converse implication, assume that the Dirichlet problem (1.1) with datum µ has a solution for every nonnegative function V ∈ L p (Ω). Let K ⊂ Ω be a compact set such that cap (∆,L p ) (K; Ω) = 0 and let (ϕ n ) n∈N be a sequence of nonnegative functions in C ∞ c (Ω) satisfying the conclusion of Proposition 3.1. Since the sequence (∆ϕ n ) n∈N converges to 0 in L p (Ω), we deduce from the partial converse of the Dominated convergence theorem [38, Proposition 4.2.10] that there exist a subsequence (ϕ n k ) k∈N and a function V ∈ L p (Ω) such that (a) for every k ∈ N, |∆ϕ n k | ≤ V almost everywhere in Ω; (b) (∆ϕ n k ) k∈N converges almost everywhere to 0 in Ω.
Let u be the solution of the Dirichlet problem (1.1) with potential V and density µ. For every k ∈ N,
Then, by the Dominated convergence theorem,
Since the sequence (ϕ n k ) k∈N is bounded in L ∞ (Ω) and converges pointwise to the characteristic function χ K , another application of the Dominated convergence theorem yields
Combining the above limits, we obtain
Since K is arbitrary, we conclude that µ is diffuse with respect to cap (∆,L p ) . The proof of the theorem is complete.
Remark 4.1. In the paper of Véron and Yarur [37] , the authors investigate a counterpart of the Dirichlet problem (1.1) for the trace problem. In their case, the measure lies on the boundary instead of in the interior of the domain and they also assume that V belongs to L ∞ loc (Ω). In our case, the Dirichlet problem (1.
Hence, the solution u n of the Dirichlet problem (1.1) with density ρ n * µ satisfies the uniform bound u n L p ′ (Ω) ≤ C ′ and also the absorption estimate
By compactness, the sequence (u n ) n∈N converges strongly in L 1 (Ω) and weakly in L p ′ (Ω) to some function u, and so both estimates are also satisfied by u. Next, for every ε > 0, one writeŝ
Note that V ζχ {|ζ|≥ε} ∈ L p (Ω), while the last integral is uniformly bounded in absolute value by ε µ M(Ω) . Thus, as n tends to infinity and then ε tends to zero, one deduces that
Hence, u satisfies the Dirichlet problem (1.1) under assumption (4.1). For an arbitrary measure µ ∈ M(Ω) which is diffuse with respect to the (∆, L p ) capacity, one proceeds along the lines of the proof of the direct implication of Theorem 1 by strong approximation of µ in M(Ω) in terms of measures with compact support that satisfy (4.1).
A GEOMETRIC INTERPRETATION OF THEOREM 2
In this section, we provide a geometric interpretation of Theorem 2 which involves the Hausdorff content H N −2 ∞ , defined for every compact set K ⊂ R N by
B(x i ; r i ) and 0 < r i < ∞ , where ω N −2 is the volume of the unit ball in R N −2 . The Hausdorff content is always finite and vanishes on the same compact sets as the Hausdorff measure H N −2 . To reach our goal, we rely on the following second-order capacity
The connection between H N −2 ∞ and cap (∆,H 1 ) through this capacity can be summarized as follows:
on every compact subset of R N .
For two capacities cap and cap ′ , by cap ∼ cap ′ we mean that there exist positive constants C 1 and C 2 such that
As a straightforward consequence of Proposition 5.1, we have that measures which are diffuse with respect to the (∆, H 1 ) capacity cannot charge compact sets of zero H N −2 measure. Proposition 5.1 can be deduced from the work of Adams [2] . His proof that yields the equivalence cap (∆,
is based on the duality between the Hardy space H 1 and the space BMO of functions of bounded mean oscillation. We provide a short argument which relies on the boundedness of the Riesz transform in the Hardy space H 1 .
We recall that the Riesz transform of a function ϕ ∈ C ∞ c (R N ) is the vector-valued function Rϕ :
where C N is a positive constant depending on N . In particular, Rϕ ∈ L ∞ (R N ). The real Hardy space is the vector subspace of L 1 (R N ) given by
where Ru is defined in the sense of distributions.
Proof of Proposition 5.1. By translation and scaling arguments, for every
x ∈ R N and every r > 0, one has
The finite subadditivity of the (D 2 , L 1 ) capacity then implies that
The same argument yields the estimate
Indeed, given a ∈ R N and r > 0, for every ϕ ∈ C ∞ c (R N ), one observes that ∆ϕ · − a r
and this identity yields the counterpart of (5.1) for cap (∆,H 1 ) . Thus, one also has (5.2). The Riesz transform maps continuously functions in
for every u ∈ H 1 (R N ). This yields the estimate
3) where the first inequality follows from the Fourier characterization of the Riesz transform [34, p. 59].
The estimate
is a consequence of the following second-order counterpart of Gustin's boxing inequality: Combining the last two inequalities, we obtain (5.4). The proof of the proposition is complete.
Before concluding this section, we observe that Proposition 5.1 also holds for N = 2. For example, the inequality H 
, and thus cap (D 2 ,L 1 ) ≥ 1. This yields the desired inequality; the rest of the argument is unchanged.
PROOF OF THEOREM 2
We first prove Theorem 2 for nonnegative, compactly supported measures which are explicitly controlled by the (∆, H 1 ) capacity. The proof of Theorem 2 will then be carried out by strong approximation of µ by measures of this type. In dimension N ≥ 3, the proof of Proposition 6.1 relies on the exponential integrability of the Newtonian potential generated by the measure µ, i.e. the function Nµ :
where σ N denotes the surface measure of the unit sphere in R N . Indeed, since µ is nonnegative and satisfies (Proposition 5.1)
one has e Nµ/C ∈ L 1 (Ω). This result is proved by Bartolucci, Leoni, Orsina and Ponce [5, Theorem 2] and is the counterpart in higher dimensions of the Brezis-Merle inequality for N = 2; see also [31, Proposition 17.8] .
To make the connection with the Dirichlet problem we want to solve, observe that the Newtonian potential belongs to L 1 (Ω) and satisfies the Poisson equation [ Since the datum µ is nonnegative, to prove the existence of a solution of the Dirichlet problem (1.1) one may construct a supersolution -not only to the equation, but also taking into account the boundary data -and then apply the method of sub and supersolutions for the Schrödinger operator [31, Proposition 22.7] . We observe that the Newtonian potential is indeed a supersolution of the Dirichlet problem (1.1) with datum µ. The formulation in this case involves test functions in C ∞ 0 (Ω) rather than in C ∞ c (Ω). More precisely, given V ∈ L 1 (Ω) and ν ∈ M(Ω), we say that u ∈ L 1 (Ω) is a supersolution of the Dirichlet problem (1.1) with datum ν provided V u ∈ L 1 (Ω) and
meaning that, for every nonnegative function ζ ∈ C ∞ 0 (Ω),
This formulation encodes the boundary condition u ≥ 0 on ∂Ω. 
The above discussion can be implemented as follows:
Proof of Proposition 6.1. Assume that N ≥ 3; the case N = 2 will be explained afterwards. Since the Newtonian potential Nµ is nonnegative, it satisfies
It thus remains to show that V Nµ ∈ L 1 (Ω). We first observe that, by Young's inequality,
for every κ > 0. On the other hand, by Proposition 5.1 there exists C 1 > 0 such that
Thus, e Nµ/C 1 ∈ L 1 (Ω). For every ε > 0, define the open set
). Taking κ = C 1 in the pointwise inequality (6.2) above and integrating it over Ω, we obtain
where the last inequality follows from the exponential integrability of Nµ and the local L log L integrability of V ; indeed, we have V ∈ H 1 (Ω) and V ≥ 0 almost everywhere in Ω. Applying the method of sub and supersolutions with subsolution 0 and supersolution Nµ, we conclude that the Dirichlet problem (1.1) with datum µ has a nonnegative solution. In dimension N = 2, every measure is diffuse with respect to cap (∆,H 1 ) by the counterpart of Proposition 5.1 in this dimension. We then rely on the Brezis-Merle inequality [10, Theorem 1] 
where
The rest of the proof is unchanged.
We may summarize the counterpart of Proposition 2.1 for the (∆, H 1 ) capacity as follows: Lemma 6.2. Let µ ∈ M(Ω) be a nonnegative measure. If µ is diffuse with respect to the (∆, H 1 ) capacity, then there exists a nondecreasing sequence (µ n ) n∈N of nonnegative measures in M(Ω) with compact support in Ω which satisfies (i) for every n ∈ N, there exists C n > 0 such that, for every
Proof of Lemma 6.2. For every ϕ ∈ C ∞ c (R N ), we have the weak capacitary inequality
Indeed, combining (5.3) and (5.4), we obtain
and then (6.3) follows from the equivalence between H N −2 ∞ and cap (∆,H 1 ) (Proposition 5.1). The rest of the proof follows along the lines of the proof of Proposition 2.1.
Every nonnegative measure µ ∈ M(Ω) satisfying the functional inequality in Assertion (i) also satisfies the estimate
Indeed, given a compact set K ⊂ R N , let (ϕ n ) n∈N be a sequence of functions admissible in the definition of the (∆, H 1 ) capacity of K such that
For each n ∈ N, we have
Letting n tend to infinity, we obtain (6.4).
Assuming that the measure µ satisfies the functional estimate
for every smooth function ψ : R N → R that converges sufficiently fast to zero at infinity, in the spirit of the conclusion of Lemma 6.2, one can prove that V Nµ ∈ L 1 loc (Ω) based on the duality between the Hardy space H 1 and the space BMO of functions of bounded mean oscillation. Indeed, denoting by F the fundamental solution of the Laplacian in dimension N ≥ 3, we first write the Newtonian potential generated by µ as Nµ = F * µ. For every
By the density of such functions ϕ in the Hardy space H 1 , we deduce from the estimate above that the Newtonian potential Nµ has a unique extension as a continuous linear functional in the dual space of H 1 , which is precisely the space BMO by Fefferman's characterization [16, 35] . Since V Nµ ≥ 0 almost everywhere in Ω, one has V Nµ ∈ L 1 loc (Ω); see e.g. [7] . For a nonnegative measure µ ∈ M(Ω) satisfying the weaker assumption
∞ , the fact that the Newtonian potential generated by µ has bounded mean oscillation in dimension N ≥ 3 can be deduced from [1, Proposition 3.3] ; see also [31, Proposition 17.3] .
We finally turn to the Proof of Theorem 2. Since the equation is linear, we may assume that µ is nonnegative; see the proof of the converse of Theorem 1 above. Let (µ i ) i∈N be a sequence of nonnegative measures in M(Ω) with compact support in Ω satisfying the conclusion of Lemma 6.2. By Proposition 6.1, for each i ∈ N the Dirichlet problem (1.1) with datum µ i has a nonnegative solution u i . It then suffices to proceed as in the proof of the converse of Theorem 1 and conclude that the Dirichlet problem (1.1) with datum µ has a solution u, obtained as the limit in L 1 (Ω) of the sequence (u i ) i∈N . This is a counterpart in the Hardy space H 1 setting of the strong maximum principle proved by Ancona [3] in L 1 and by Orsina and Ponce [28] in L p for p > 1. Compared to their results, we require the potential V to be nonnegative, since V + need not belong to
We sketch the proof of Proposition 7.1 in the case where u is a smooth function up to the boundary. The proof in full generality can be implemented along the lines of the proof of Theorem 1 in [28] .
Sketch of the proof of Proposition 7.1 when u ∈ C ∞ (Ω). Let K ⊂ Ω be a compact set such that K ⊂ {u = 0} and cap (∆,H 1 ) (K) > 0. Using the Riesz representation theorem and the Hahn-Banach theorem, one deduces along the lines of the proof of Proposition A.17 in [31] that there exists a positive measure µ ∈ M(Ω) supported in K such that
for every nonnegative function ϕ ∈ C ∞ c (R N ). In particular, µ is diffuse with respect to cap (∆,H 1 ) . By Theorem 2, the Dirichlet problem (1.1) with datum µ has a nonnegative solution v. One can then find a function f ∈ L ∞ (Ω) explicitly defined in terms of v such that f > 0 almost everywhere in Ω, and the solution of the Dirichlet problem
is nonnegative [31, Lemma 22.12] . Since u ≥ 0 on ∂Ω, one proves that
Observe that the integral in the right-hand side is nonnegative. By the nonnegativity of uf , we deduce that uf = 0 almost everywhere in Ω. Thus, u = 0 in Ω and this concludes the proof of the proposition. In particular, such a function Φ is nondecreasing and satisfies Φ(0) = 0. 
The main ingredient in the proof of Proposition 8.1 is a construction from [30] . We summarize the main facts that are used hereafter. In dimension N ≥ 3, one shows that for every continuous nondecreasing function g : [0, ∞) → R with g(0) = 0 there exists a positive measure µ ∈ M(Ω) with compact support in Ω such that H N −2 (supp µ) = 0 and
Indeed, the choice of the measure µ and its support is made in the proof of Theorem 3 in [30] ; the proofs of Propositions 1 and 4 in that paper imply that g(Nµ) ∈ L 1 (Ω).
Proof of Proposition 8.1. Take g = Φ * to be the Legendre transform of Φ, defined for t ∈ [0, ∞) by
Let µ ∈ M(Ω) be the positive measure that satisfies (8.1) above, and let V ∈ L Φ loc (Ω) ∩ L 1 (Ω) be a nonnegative function. Since the Newtonian potential Nµ is nonnegative, it follows from Young's inequality that
Since Φ(V ) ∈ L 1 loc (Ω) and Nµ is harmonic in a neighborhood of ∂Ω, we have V Nµ ∈ L 1 (Ω). Hence, Nµ is a supersolution of the Dirichlet problem (1.1) with datum µ. We then conclude as in the proof of Proposition 6.1 using the method of sub and supersolutions.
This function defines an Orlicz space, and if V ∈ H 1 (Ω) is a nonnegative function, we have
Observe that the Legendre transform of Φ is given by Φ * (t) = e t − 1, for every t ≥ 0. In this case, we have an example of a measure µ ∈ M(Ω) such that
but which cannot be approximated strongly by measures such that ν ≤ C cap (∆,H 1 ) . Indeed, any such a measure ν satisfies ν(supp µ) = 0, hence is singular with respect to µ.
NONEXISTENCE OF SOLUTIONS
This last section is dedicated to nonnexistence results for some suitably chosen measure data depending on the potential V . We begin with the example given in the introduction, namely Proposition 9.1. Suppose that N ≥ 3. For every α ≥ 2, the equation
has no solution in the sense of distributions.
Proof. Assume by contradiction that u is a solution of the equation above in the sense of distributions. In particular, u |x| α ∈ L 1 (B 1 ). On the one hand, since −∆u has a Dirac mass at the origin, for every 0 < r < 1 the average integral of u over the sphere ∂B r satisfies [31, Lemma 21.4] 
On the other hand, by the integration formula in polar coordinates, we havê
Take 0 < ε < 1 such that, for every 0 < r < ε,
The previous result can be pursued to measures supported on larger sets, for example, on manifolds of dimension N −2. Those sets have zero (∆, L 1 ) capacity, but positive (∆, H 1 ) capacity by Proposition 5.1.
For a manifold M ⊂ Ω and r > 0, we denote its tubular neighborhood of radius r by
We also denote its annular tubular neighborhood of inner radius θr and outer radius r by
for some fixed 0 < θ < 1. We prove Taking ε > 0 such that C 1 > C 2 ε, the inequality above yieldŝ Thus, V u ∈ L 1 (N δ ), which contradicts the assumption that u satisfies the equation with potential V and concludes the proof of the proposition.
To illustrate the connection between Proposition 9.2 and the Dirichlet problem involving H 1 potentials, we sketch the construction of a signed function f ∈ H 1 (Ω) such that V = f + satisfies the assumptions of Proposition 9.2. For this purpose, we rely on Whitney decomposition's of Ω\M (cf. is also an H 1 atom, supported by Q i . We now gather the cubes Q i in disjoint classes F j , with j ∈ N \ {0}: we say that Q i ∈ F j if dist(p i , M ) ∼ 1 2 j . Since M is a manifold, the number of cubes in F j is bounded from above, independently of j. Assume further that
with positive constants C 1 and C 2 independent of j. Take the factor 0 < θ < 1 such that, given 0 < r < dist(M, ∂Ω), if j ∈ N \ {0} is the smallest integer such that
Such a θ exists by virtue of (9.2) and can be explicitly estimated in terms of the dimension N . Using (9.3) and (9.4), one verifies that Taking α j = 1/j 2 , the function V = f + satisfies the assumptions of Proposition 9.2, and the conclusion follows with µ = H N −2 ⌊ M .
